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Abstract

Peskin’s [16] immersed boundary technique is modified to give a new numerical method for
studying a fluid with suspended elastic particles. As before, the presence of the suspended
particles is transmitted to the fluid through a force density term in the fluid equations. As a
result, one set of equations holds in the entire computational domain, eliminating the need to
apply boundary conditions on the surface of suspended objects. The new method computes
the force density by discretizing the stress-strain constitutive equations for an elastic solid on
a grid, using data provided by clusters of Lagrangean points. This approach clearly specifies
the material properties of the suspended objects. A simple data structure for the Lagrangean
points makes it easy to model suspended solids with arbitrary shape and size.

The method is validated by comparing numerical results for elastic vibrations, and par-
ticle settling in viscous fluids, with theory and analysis. The capability of the method to do
a wide range of problems is illustrated by qualitative results for lubrication and cavity flow
problems.



1 Introduction

Flow of a liquid containing suspended, solid particles is a common occurrence in natural and
industrial processing environments. Examples are blood flow, transport of slurries, move-
ment of sediments in a river bed, and ceramics and advanced composites manufacturing.
Understanding the rheological properties of these materials poses a challenging theoretical
and numerical problem, principally because of long-range, many-body hydrodynamic inter-
actions between suspended particles.

Most numerical methods for treating suspensions are restricted to Stokes’ flow. The
review [1] summarizes use of a collocation method by Weinbaum and his coworkers. They
calculate velocity and drag coefficients for a small number of rigid spheres suspended in
a fluid. A truncated expansion in eigenfunctions is made for the velocity in 3-D, or the
stream function in 2-D axisymmetric Stokes’ flow, with boundary conditions imposed at 4-
12 collocation points per sphere. Calculations include static determination of instantaneous
velocity and drag on linear chains of spheres, and dynamic calculation of three sedimenting
spheres.

Brady’s Stokesian dynamics [2-8] is a molecular-dynamics-like approach to simulating the
motion of hydrodynamically interacting, rigid particles at zero Reynolds number. Compu-
tation of the many-body interactions is achieved through construction of a mobility matrix
that relates particle velocities to forces exerted on the fluid by the particles. The inverse
matrix, the hydrodynamic resistance matrix, contains approximations to the far-field, many-
body interactions. The near-field, lubrication forces are then added as contributions to this
resistance matrix. Computation of the many-body interactions using the mobility matrix is
an O(N3) operation, where N is the number of particles. This method has been used suc-
cessfully to study a wide range of problems, including calculation of sedimentation velocity,
and permeability and shear viscosity of periodic cubic arrays of spheres, over a wide range
of volume fractions. A similar method is used by Ladd [9-10]; Ladd, et al. [11] have also
used the lattice-gas method to study suspensions.

Ingber [12-13] and Tran-Cong & Phan-Thien [14] use the boundary element method for
suspensions of rigid particles in Stokes’ flow. Since boundary elements are used to model
particle geometry, particles can be any size or shape. This method is capable of provid-
ing highly accurate details of flows with suspended particles but is currently impractical
for studying concentrated suspensions since it is computationally intensive. A comprehen-
sive review which highlights the interconnections between the collocation method, boundary
element method, and Stokesian dynamics is in Weinbaum [15].

A straightforward application of finite difference methods or finite element methods to
suspensions is also impractical for concentrated suspensions. A direct approach would involve
solution of fluid equations in the irregular region external to the suspended particles, and
application of boundary conditions on the surface of each particle. Generating a mesh for
this region is costly and frequent regridding would be required because of the particle motion.

This paper describes a new numerical method for studying a bounded fluid containing
suspended particles. It is based on Peskin’s [16] treatment of the heart wall. 1 iinmersed



moving boundary, in his numerical study of fluid flow in the human heart. The crucial aspect
of this method is the replacement of fluid-material interfaces with suitable contributions to
a force density term in the fluid equations. With this formulation, internal boundaries are
eliminated and a simple, grid-based finite difference scheme is used to solve the fluid equations
with an added inhomogeneous forcing term. Fogelson and Peskin [17] adapt this technique to
simulate suspended particles. Particles are constructed by linking a small number of points,
moving at the local fluid velocity, by elastic springs. The links between these points apply a
force to cause the surrounding fluid to move as a rigid body.

We also replace the suspended particles with a force density term in the fluid equations;
however, the force density is computed by discretizing the stress-strain constitutive equations
for an elastic solid. This formulation has the advantage of making material properties of the
suspended particles clear. It also eliminates the need to have points linked to one another,
simplifying the data structure and problem set-up. Particles of any size and shape are easily
defined in the code. Since computational work involved in computing the force density is
linear in the number of particles, this technique has the potential to handle a large number
of particles.

The next section describes the model equations, including details of the force calculation.
Section 3 discusses the discretization of these equations, section 4 stability, and section 5
presents numerical examples. In particular, we test the accuracy and stability of the model
for an elastic solid, without the suspending fluid, by comparing numerical results with theory
and analysis of elastic vibrations. In Stokes’ flow, the relationship between the force on a
sphere, and its settling velocity along the axis of a cylinder is computed, and compared to
theory. A similar comparison is made for a cylinder translating parallel to plane walls. The
capability of the method to do a wide range of problems is illustrated by a qualitative study
of lubrication forces, and a cavity flow problem with suspended particles of varying shape.
Although these numerical examples illustrate the method for Stokes’ flow with suspended
elastic solids, this treatment of the suspended particles can be added to any finite difference
scheme. A Navier-Stokes solver can be substituted for the Stokes solver in the current
implementation; and, in principle, the suspending fluid may be non-Newtonian. In addition,
any material can be modeled provided the constitutive equations are known; for example
the formulation can be extended to study plastic deformation.

2 Model Equations

We solve Stokes’ flow for an incompressible fluid:

0 = =Vp+phu+f(x,t) (1)
- 0 = V-u (2)

These equations are to hold at each point x in the computational domain, including the
interior of the suspended particles. The quantity u(x, t) is velocity, u the viscositv. and p(x, )
the pressure. The inhomogeneous term f(x,t) is the sum of internal foro - 1""(x,t) and
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external forces f*(x, t). The external forces are problem dependent and can include gravity,
or interparticle forces such as electrical or colloidal forces. The internal forces are those
present in an elastic body and act, through the mediation of the fluid, to resist deformation
of the suspended bodies. This force density is how the presence of the particles is transmitted
to the fluid. _

The I** suspended elastic body is constructed from a collection of points, labelled x;,(t).
These points move at the local fluid velocity but are not constrained to coincide with com-
putational grid points. The local velocity is defined by averaging the fluid velocity over an
appropriate neighborho: d of xf,,

dx!
== [ u(x,HS(x - xp)dx. 3)
S is a weight function with compact support. The neighborhood is defined by the support
of S. If S is a delta function then the velocity of xfo is exactly the fluid velocity at that
point. An average is used to define particle velocity since u is known numerically only at
the vertices of a computational mesh. In the numerical method,

S(x—-xb) =Y SMW(x —x})8(x — x,), (4)
where S() is bilinear interpolation (Appendix I), and the points x, are the vertices of the
computational mesh. Using Eq. (4), the integral in Eq. (3) reduces to a sum over the grid

points contained in the support of S(). These points are the vertices of the computational

cell that contains x:,.

The term f™(x, ) is calculated from the elastic stress tensor

fi"(x,t) = V-0 (Vd +(Vd)7). (5)

Here, d(x,t) is the displacement field. In incompressible flow V -d = 0. The shear modulus
o(x,t) is a function of position because it is nonzero only within the elastic bodies. The
shear modulus is treated as a particle property, that is xf, has a value 0':, associated with it.
Values of o at other points are then defined via interpolation

1
o(x,t) = ~ Yool S(x —x1), (6)
pd
where n(x,t) is the number of points p, in the support of S, contributing to the shear

modulus at X, counted by
n(x,t) = Y S(x — x}). (7
pd

From a list of current particle positions xf,(t) and equilibrium positions x:,o, particle
displacements are computed

di(t) = x1(t) — X} (8)
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The particle displacements are then interpolated to give the center of mass displacement
field,

d(x,t) = Y_mid}(t)S(x - x;)/ > m,S(x — X)), (9)
_ pil Pl

where mfp is the particle mass for the It* body. Derivatives of this field are used to form
fint(x, t) using Eq. (5). The next section describes the scheme for discretizing these equations.

3 Discrete Equations

The difference equations described in this section are based on the finite volume approxima-
tions originally presented in Brackbill [16] and extended in Appendix II. The method uses
a staggered mesh, with velocities and forces set at vertices of the mesh and pressure at cell
centers.

Eq. (1) is solved by introducing an artificial time variable At’ to march the solutions in
time to a steady state, coupled with a projection method to enforce incompressibility

uy —uy .
Moty o uLu)+S (10)

u,—uy _ 1
At - Gu(pc) (11)
Di(u}) = 0. (12)

A subscript v denotes a vertex quantity, and c a cell-centered quantity. The operators L.,
G.,, and D, are discrete Laplacian, gradient and divergence operators. The superscript °
indicates quantities evaluated at the beginning of the timestep and the superscript ! at
the end. Velocity values with an asterisk are intermediate values that do not satisfy the
incompressibility constraint. Eqgs. (11-12) project the intermediate velocity field onto one
that is divergence free. These last two equations are solved by taking the divergence of
eq. (11), making use of eq. (12), to get an equation for pl at cell-centers,

~Du(u}) = D(Gu(ph)) = Le(rd) (13)

and rewriting Eq. (11) to obtain an equation for u}, at vertices,

] ul = ul - AUG.() (14)

The discrete vertex-valued Laplacian L, appearing in Eq. (10) can also be written as
L, = D,(G(-y)), i-e. in terms of a vertex-valued divergence and cell-centered gradient.
Note that the discrete gradient and divergence of a vertex variable are located at cell centers.
Likewise, the discrete gradient and divergence of a cell-centered quantity are defincd at the



vertices. Formulas for D., D,, G, and G, are derived in Appendix II. As written, Eqs. (10)-
(12) represent one step of an iteration to steady state. Values of u®, u!, u*, and p! can be
updated, keeping f° fixed, and Eqs. (10)-(12) iterated, but we find in practice that one step
suffices. For one step of the iteration, we can use At’' = At provided At satisfies the stability
condition derived in the next section.

For the two-dimensional calculations presented in section 5, a computational cycle in-
volves the solution of three Poisson equations, one for each velocity component and one for
the pressure. The discrete Laplace operators are, in general, 9-point operators. The resul-
tant linear system of equations is solved with the preconditioned conjugate gradient method,
the preconditioner being incomplete Cholesky decomposition. The implementation of this
algorithm exploits the banded structure of the matrices and vectorization on the CRAY [19)].
After u} is determined, the particles are moved in this velocity field using Eqs. (3) and (4),

xb(t + At) — x}(t)
At

Particle displacements are then determined from Eq. (8), and displacements on the grid from
Eq. (9) with x = x,. Using Eq. (5), the body force is

=Y up§WV(x, — xb). (15)

fim = D,{0.[G.(d,) + Gc(dv)T]} (16)

where o, is obtained from Eq. (6) with x = x.. This completes the computational cycle.

The key to this method is the smoothing of interfaces between solid and fluid, simplifying
the imposition of boundary conditions. One set of equations holds in the entire computational
domain and the need to resolve interfaces in order to apply boundary conditions is eliminated.
Smoothing is accomplished using interpolation as indicated above. Appendix I defines the
spline-based interpolation functions used in the code. The numerical examples in section 5
use a regular square grid, but the discrete operators are formulated more generally to allow
for a grid of quadrilateral cells. Linear interpolation S = S() is used with vertex quantities
u, (15), and d, (9), since this is consistent with the quadrilateral cells of the computational
mesh. Nearest grid point interpolation, S = S, is used to calculate o, in (6) and (7), so
that o, is approximated to the same order as the other terms in the stress (... G¢(d,) and
its transpose).

In Stokes’ flow we expect small deformations of the elastic solid; however displacements
may be large since the body can rotate and translate in the fluid. In order to keep the
displacement and displacement gradients small in each step, it is generally necessary to
use body-fixed coordinates to calculate the displacement. Small displacements allow one to
neglect the quadratic terms in the strain and maintain the validity of Eq. (5). The calculation
for body-fixed coordinates is easily accommodated by moving the reference configuration
along with the bedy. The reference positions x,’,o are initially identical with the input particle
positions x.(0). For each I, the points x.y(t) move together as a rigid body. with the
same mean translation and rotation as the positions x}(t). To simplify the notation, in the
remainder of this section we drop the superscript [; the following calculation 11:<1 he done
for each I.



The update for the reference positions is separated into two parts,
X,0(t + At) = Xem(t + At) + rpo(t + At), (17

where Xn is the position of the center of mass, and ryo = Xp0 — Xcm is the position relative
to the center of mass.-The first term on the right hand side of Eq. (17) is easy to compute;
the new center of mass at time t + At is determined from the new particle positions

Xom(t + At) = -;7 T mgxslt + At), (18)

where M = ¥, m, is the total mass of the body. The second term on the right hand side
of Eq. (17) is more complicated, the derivation below is for two dimensions. The vectors
r,o only undergo a rigid rotation. If this rotation is measured relative to the time-centered
position Fpo = 1(rpo(t + At) +ryo(t)), then the change in the length of ry is zero, and

rpo(t + At) = rpo(t) + 0 X Fpo (19)
where € is a vector directed along the axis of rotation. To obtain an explicit expression for

ryo(t + At), take the vector product of Eq. (19) with © and substitute  x ryo(t + At) back
into Eq. (19)

(1= 30%)r,0(t) +Q x rp0(t)
1+ 102 )
The update will be complete with the specification of the mean rotation, 2. The reference
configuration rotates at the same mean rate as the particles x, relative to the vector
F, = 1(ry(t + At) + ry(t)), where r,(t) = Xp(t) = Xem(t). The mean rotation is defined by
the equation

rpo(t + At) = (20)

QY my(F,)? = D mpy(Fp)". (21)
P P
The new quantity 2, is the rotation of the vector ry(t + At) relative to Ty,
oyt + Ot X Ty

(F)?

Q, (22)

Therefore, the mean rotation is
Tpmprp(t + Ot) X Tp
Ep m‘z’(f.l’)2

With some algebraic manipulation, this last expression can be recast in the computationally
more convenient form

Q=

(23)

T, myrylt) X X5t + At)
Ly my[x,(t + At) + rp(t)]2 — $Xem(t + At)*M’

Q= (24)
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If the reference positions are not updated each timestep, d, in Eq. (8) is the total dis-
placement from equilibrium; with the update, the mean motion has been subtracted and the
displacements should be small.

4 Stability‘ i

To examine linear stability, consider a one-dimensional model problem based on Egs. (10),
(15) and (8). Freeze the coefficients and assume a spatial variation of the form e*Z,

1_,0
Pu Atu = —kPod® — kuu! (25)
dt - d°
At ul. (26)
This system of equations can be written
| ul 1 1 — u®
(d‘)=1+ﬁ(At 1+ﬂ—aAt) (d°) (27)

with a = k20At/p and B = k?uAt/p. The eigenvalues of the amplification matrix are roots
of

A —A2+B8—-aAt)+1+8=0. (28)

We next consider several special cases. The motion of an elastic material alone, without
the background fluid, corresponds to 8 = 0 and results in a stability condition, At < 2\/§ k.
On a grid with spacing Az, the maximum possible wave number is kpax = 7/Az; therefore,
we expect a stability condition \/gﬂ’At/ Az < 2. We demonstrate this condition in the next
section.

With viscosity present solutions are always damped if ¢ = 0. If o # 0, then At = u/o
(B = aAt) yields a stable method for all wave numbers. This condition is also verified in
practice.

Nonlinear stability is studied from an energy equation. The equation of motion for an
elastic solid alone, without fluid present, is

du

= int.
T f (29)
Eq. (5) defines f*t. So the kinetic energy K satisfies
aK du int
-&? =pu-— = u- f

T
~ = u.V.o(Vd+vdT)
= V.o(Vd+VdT)-u— -;-cr(Vd +VdT)- (Vu + Tu”)

= V.o(Vd+VdT) u— %. (30)
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The quantity P is the elastic free energy, P = oe?, where e is the Cauchy strain tensor,
e=3(Vd+ vdT). In deriving the energy equation, we use u = dd/dt, and commute the
time derivative and gradient operation, which is consistent with the neglect of quadratic
terms in the strain.

In the absence of work being done by the boundary, Eq. (30) shows that total energy
is conserved in the continuum. The overall particle algorithm is dissipative. Dissipation of
kinetic energy due to interpolation between particles and the grid is discussed in [20]. There
is a similar error that should cause diffusion of strain because u # dd/dt in the model.
The displacements are computed from (9) using the particle displacements (8). Combining
Egs. (9), (8) and (3), keeping xto fixed, and noting that S is a Lagrangean invariant, the
difference between the velocity and time derivative of the displacement is

u,t) = 52 = [ u(, 1) T mb(6x' —x) = S(x = )S(x =)/ Lm,S(x—x;) dx'. (31)
dt v ol o1

By analogy with the kinetic energy analysis, we expect this difference to cause dissipation
of the elasitic potential energy but we have been unable to prove this analytically. The
numerical results in the next section give evidence of dissipation.
In calculations of an elastic solid suspended in a creeping fluid, there is additional viscous
dissipation. Using Egs. (1) and (2), the energy equation in the continuum is
dP T
W:V-a(Vd-{-Vd)-u—V-(up)—(D, (32)

where ® is the rate of viscous dissipation. In these calculations the extra dissipation due to
diffusion of the strain introduced by the particle algorithm is not as important.

5 Numerical Examples

In this section results of simulations are presented. One set of simulations is qualitative,
chosen to illustrate features of the numerical method. The second set of simulations provides
a quantitative validation of the method. All of the calculations are two-dimensional, using
either Cartesian coordinates or axisymmetric, cylindrical coordinates.

5.1 Deformation of an Elastic Body

To test the properties of the model for an elastic solid, several calculations are performed
without a background fluid. A circular cylinder is deformed and then allowed to relax.
The calculated response is examined to test linear stability, nonlinear stability and accu-
racy. First, the cylinder is deformed by a uniform compression, the initial deformation,
d = —0.05r, is shown in Fig.1. The particles defining the cylinder, and the grid on which
Egs. (29), (5) and (15) are solved, are shown in Fig.2a. The initial forces acting on the parti-
cles are shown in Fig.3. The subsequent motion is summarized in Fig.4 where kinetic energy.
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elastic potential energy and the total energy are plotted. The final particle configuration is
shown in Fig2b. The final configuation exhibits the same regular distribution of particles as
the initial configuration. '

Two features of the results are noteworthy. First, the total energy, shown in Fig.4,
decreases in time, as expected from the energy analysis in the last section. (The superimposed
oscillation is due to the explicit time advancement algorithm.) Second, the frequency of the
oscillation can be compared with an exact solution. For a cylinder with radius R, the density
and elasticity are pg and og for r < R, and zero for r > R. Solving the equation of motion
for d using a Fourier-Bessel expansion of the solution yields the dominant frequency

"= f’_92-405
po R~

For the problem shown in Figs.1-4, R = 0.6, 00/po = 0.5, and w = 27/2.22. The computed
value is weomp = 27/2.05.

Stability is tested next. The timestep used above, At = 0.04, is less than the maximum
stable step size predicted by the linear analysis, At = 0.072. With At = 0.09, the energy
increases with time and the particles become distorted as shown in Fig.5.

If the deformation is initially incompressible, say

(33)

d(x,0) = V x ¥(x), (34)
with

Y(x) = Asink(z — z.)sin k(y — y.), (35)

where (z.,y.) is the center of the cylinder, the initial displacement shown in Fig.6, causes
an oscillation to occur at a slightly lower frequency than the compressive case. The initial
displacement is small enough that the free boundary does not generate an appreciable com-
pressive component over the duration of the calculation. The oscillation frequency remains
constant, and the total energy decreases as in the compressive case, although the frequency
of oscillation is slightly different, Fig.7.

5.2 Sedimentation

In axisymmetric, cylindrical coordinates we calculate the motion of a sphere of radius a
settling along the axis of a cylinder of radius R, under the influence of gravity, through a
quiescent fluid. Fig.8 shows a sample computation for a/R = 0.3, R = 1. and H = 2., where
H is the height of the cylinder. The phase velocity for elastic shear waves is V20 in the units
used for this computation. Figs.8a and b show particle plots superimposed on streamlines
for two different times, t = 5. and ¢t = 15. Fig.8¢c shows contour lines of the shear modulus,
o, at time ¢t = 5., illustrating the smooth interface between the fluid and the snspended solid.

Fig.8d is a plot of the position of the center of mass as a function of time. T1. .fect of the
finite sized domain is to decrease the settling velocity of the sphere near the t«,;. 1.l bottom
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walls relative to its velocity in the center of the cylinder. At the end of the calculation, the
cylinder has essentially come to rest, but a thin layer of fluid still remains between the sphere
and the bottom wall. No-slip conditions on solid boundaries for the velocity do not allow
fluid to flow through the boundary. Since the velocity field is single valued, and particles
move in this field, particles also do not penetrate solid boundaries.

For a sphere settling along the axis of an infinite cylinder, Faxen [21] has an an asymptotic
theory for small a/R that predicts the wall correction factor, K. The wall correction factor
is the ratio of the drag on the sphere in the cylinder to the drag on a sphere moving with the
same velocity in an unbounded fluid. Numerically, the wall correction factor is computed by
applying a constant force to the sphere and calculating its settling velocity, the velocity of its
center of mass. If the velocity is measured in the center of a cylinder with finite height, the
effect of the top and bottom boundaries is mitigated and the computed results should agree
with Faxen’s theory. Table I compares computed values of the wall correction factor and
Faxen’s theoretically predicted values, for different sized spheres. The error is smallest for
small a/R and is worst for the largest value of a/R; however the asymptotic theory breaks
down as a/R increases. The error is also smaller when the sphere is resolved better on the
grid, measured by a/Az. Using the boundary element method, Ingber [13] reports errors
increasing in magnitude with a/R, up to a -5.4% error with a/R=.5.

In our model, the size of the suspended sphere cannot be determined precisely, the error
is on the order of the size of a computational cell. This indeterminancy arises even though
particles are input to fill a region with a given radius. The influence of the particles is felt in
a larger region since the support of the interpolation function is a computational cell. The
input radius is used to make the comparison with theory. As the mesh is refined, the surface
of the sphere is located more precisely, consistent with the use of a finite difference method.
Table II shows the computed wall correction factor as the mesh is refined, a/Axz is increased
with a/R = 0.2 fixed. Several computational cells must be contained within the sphere to
compute accurately its settling velocity. In contrast, Table III indicates that the results are
not sensitive to the number of particles used to represent the sphere.

Discrepancies between the theory and numerical calculations may be due to sources other
than numerical truncation error. These include the fact that the theory pertains to an infinite
cylinder and the computations are made on a finite domain, and also that the sphere is not
completely rigid. As a test, doubling the height of the cylinder in one case (a/R = 0.3)
does not change the settling velocity. Since the sphere does not deform appreciably while it
settles, this probably has little impact on the settling velocity.

Faxen [21] also has an asymptotic formula for the force per unit length on an infinite
cylinder translating parallel to the channel formed by two infinite plates. The velocity of
the cylinder is directed perpendicular to its axis. This theory is compared to calculations
in Cartesian coordinates using a channel width 2L = 2. and height H = 6., for cylinders
with varying radius. A constant force F is applied to the cylinder, and the clocity of its
center of mass, U, is computed. The dimensionless force per unit length F/4u!(" i~ compared
to Faxen’s theory in Table IV. Errors are small for small a/L, where the asymplotic theory
applies best. The decrease in error with increased resolution of the cylinder (in«1cased a/Ax)
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is again apparent. Dvinsky and Popel [22] calculate the force on a cylinder using curvilinear,
boundary-conforming coordinates. Their results are also shown in Table IV for comparison.

5.3 Cavity Flow

The numerical method developed here can be used to study rheological properties of sus-
pensions made up of particles having different material properties, shapes and sizes. As an
example, Fig.9 shows a driven cavity flow, the top boundary moving with unit velocity. The
calculation is made in a square domain, with no-slip boundary conditions on all sides, using
Cartesian coordinates. The phase velocity for elastic shear waves is v/20. The cavity con-
tains suspended objects with varying shape. The initial shapes are easily defined by filling
regions with particles, specifying the average number of particles per computational cell.
As the simulation proceeds, solids move into the high shear region near the top; undergo a
deformation and then relax back to their initial shape as they circulate around to the low
shear region. The figure shows particle positions superimposed on streamlines. Notice that
the interaction of the immersed solids with the fluid distorts the basic flow.

The corresponding reference configurations are shown in Fig.10; these do not deform,
but translate and rotate at the same mean rate as the suspended solids. The difference
between particle positions and the reference configuration is used to compute the particle
displacements, and subsequently the displacement field and elastic restoring force. The use
of body-fixed coordinates allows computations that include large rigid body motions of the
suspended solids.

5.4 Lubrication Forces

Near-field lubrication forces are inherently contained in the model equations. This feature
makes study of particle interactions tractable. As an illustration, in Fig.11 the fluid is being
squeezed out as two cylinders approach each other. The cylinders have radius 0.2 and are
in a square box with side length 2.0. The motion is due to a constant force applied to each
cylinder. Since the velocity field is single valued, and the particles move in this field, particles
do not interpenetrate. The reference configurations (not shown) appear to touch at the end
of the calculation. In contrast, the actual elastic solids have started to deform and there is
still a thin layer of fluid between them. Fig.12 shows the trajectories of the center of mass of
each object. The decrease in velocity as the cylinders approach is in qualitative agreement
with the decrease in gap width predicted by lubrication theory.

6 Discussion

An extension of Peskin’s immersed boundary technique [16] is used to develop model equa-
tions for a fluid containing suspended elastic particles. The presence of the suspended par-
ticles is transmitted to the fluid by adding an appropriately constructed inhomogeneous
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forcing term to the fluid equations. As a result, one set of equations holds in the entire com-
putational domain where they are solved using a grid based finite difference method. This
formulation gives up exact knowledge of the surface location to reduce the cost of exactly
applying the boundary conditions on a suspended body, a trade-off consistent with the use
of a finite difference method.

The extra inhomogeneous forcing term is computed using Lagrangean fluid particles to
track the position of the suspended solid. Particle displacements are easy to compute, and
from them a displacement field is easily calculated by interpolating the particle data to
a computational grid. The added force density term is computed from this displacement
field, using the stress-strain constitutive equations for an elastic solid. The computational
work involved in computing the force density is linear in the number of particles. In two
dimensions, the computation time per particle, per timestep is 33 pus. on a CRAY Y-MP.

The validity of the model is tested by studying the elastic equations without a background
fluid, and by inserting the force calculation into a fluid code that solves Stokes’ equations
in two dimensions. A favorable comparison with theory is made for the elastic response to
deformation of a cylinder, and for the settling velocity of a particle in a viscous fluid. The
capability of the method to do a wide range of problems is illustrated by a qualitative study
of lubrication and cavity flow problems.

Two shortcomings of the present formulation need to be addressed. The numerical results
in the last section indicate that several computational zones must be contained within each
suspended object for accuracy. Improvements in both accuracy and efficiency can be realized
by using an adaptive grid [23]. Increasing the grid resolution only near the suspended
particles may allow sufficient savings to study highly concentrated suspensions. The general
formulation of the discrete operators, in terms of a table of geometric coefficients as presented
in Appendix II, sets up the future exploration of this area.

In addition, the current formulation evaluates the force density term explicitly. As in
Peskin [16], we observe this explicit evaluation is unstable for large timesteps. From a linear
stability analysis, and in practice, a timestep of At = u/o yields a stable scheme. An implicit
scheme would eliminate this restriction. Alternatively, Peskin’s [16] semi-implicit method
may be sufficient to alleviate the problem and allow modelling of rigid particles.

Most problems in suspension rheology are inherently three-dimensional. The success of
the two-dimensional tests presented here, shows the promise of this technique for studying
fully three-dimensional phenomena. Coupled with an adaptive grid and an implicit evalua-
tion of the force density, this method has the potential to handle concentrated suspensions.

Acknowledgments: The work of Deborah Sulsky was partially supported by Sandia-
University Research Projects, contract 54-9308, task II.
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Appendix I

This appendix defines the interpolation rules used in the numerical code, CLUSTER. Even
though the numerical examples presented in section 5 use a regular square grid, the numerical
code is implemented to allow for a general mesh of convex quadrilateral cells, as in Brackbill
and Ruppel [24]. Let Xij, Xit+1,j> Xi+1,j+15 Xij+1 denote the vertices of computational cell
(i,7). If we introduce natural coordinates (&1, £2) which assume integer values at the vertices,
then, using bilinear interpolation, any point x in the cell is given by

x = & [(1 = E3)Xigr,j + ExXirr ) + (1 — €D [(1 = 2% + &aXijl] (L.1)

with ¢, = 6, —i and & = €, — j (0 < £3,€; < 1). This mapping from natural to physical
coordinates can also be written

X= qus(l)(ﬁl —i,&—J) (1.2)
SOl €)= { (-leba -l o<l <t

The function s is positive, continuous, has compact support, and has range [0,1]. It is
normalized so that integrating over the domain gives

/D sWd% =1and 3 sM(& —i,6— ) = 1. (L3)
4

A corresponding interpolation function in physical coordinates is

S(l)(X(El,gg)) = 3(1)(61 - i’§2 - J)’ (1.4)
with [, SMJ-1 = 1, where J = 8(z,y)/8(é1,¢2) and V is the physical domain. On a square

lattice,
SW(a,y) = { (1= [zl/B)(1 = lyl/h) O < o], lyl < h

0 otherwise ’

and J = h% In general, the support of S()(x) depends on X, but for a square lattice the
support is h, the grid spacing.

Bilinear interpolation is used to project all particle data onto the computational grid,
except the shear modulus, where nearest grid point interpolation is used. When applied
to a cell-centered quantity, this interpolation rule projects a particle property onto the cell
containing the particle. The logical coordinates of a cell are (i +1/2,, + 1/2), so in logical
variables -

1 0S| —i=1/2 |- —1/21 <3
0 otherwise

SOy — i = 1/2,65 —j — 1/2) = {
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The corresponding function S in physical variables is defined in the same way as bilinear
interpolation.

The same interpolation is used for axisymmetric calculations in cylindrical coordinates,
where x has components (r, z) instead of (z,y).

Appendix II

Formulas for discrete approximations to derivatives in the code, CLUSTER, are derived in
this appendix. Since the derivation applies equally well to two or three dimensional grids,
we present it for three dimensions. Finite volume approximations are used on a staggered
grid. Velocity, displacement and forces are associated with vertices of cells; and pressure and
elasticity are stored at cell centers. In general the grid is made up of convex cells that are the
image of a unit cube under the obvious generalization of the map described in Appendix I.
This formulation allows the flexibility of using a fixed grid, a Lagrangean grid whose vertices
move with the fluid, or an adaptive grid that moves in a prescribed manner. The advantage
of this formulation on a rectilinear grid is the ease with which any formula can be discretized
using a table of coefficients to form derivatives. The same code is used to solve problems in
Cartesian and cylindrical coordinates, the switch only involves generating the appropriate
table of coefficients.

A derivative of a vertex variable results in a cell-centered quantity and is calculated as
an average over the cell. For a velocity component u,, the average of the derivative with
respect to the coordinate zg is

Ouy,, _ 1 Ou,
('é;,';)c = V. v, azadV- (H'l)

The cell volume is computed from

V.= /V dv = /C Jd%, (1L.2)

where J is the Jacobian of the map from logical to physical coordinates, and C is the unit
cube. This map is defined in Appendix I for two dimensions, and is easily extended to three.

To evaluate Eq. (II.1) in terms of data on the computational grid, define u throughout
the cell from its values at the vertices

u(x,t) =3 u,SV(x - x,). (IL.3)

The sum is over all vertices, but only those vertices in the support of S(!) make a non-zero
contribution; these are the vertices of the cell containing x. Now Eq. (IL.1) becomes,

Ouay 1 9 )y
(G = 7 /V ;(ua),, 575 x = x)av
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= Y (a)uc/Ve (IL4)

v

where -

- 0
v o_ (W (x —
_ = J, 3.1:,@5 (x = x,)dV. (IL.5)
Derivatives of the displacement field are defined analogously.
It is useful to form a vector of geometric coefficients ¢ = (cZ,). One can now combine
derivatives to form a discrete divergence operator, acting on vertex quantities and defined

at a cell center,
V.Do(u,) = /V V-udV =Y u,-c (IL6)

In the same way, derivatives are combined to form a discrete gradient operator defined at a
cell center,

V.Go(u,) = A VudV = ¥ cu,. (IL.7)

Note that from the expression for cell volume (II.2) it can be shown that c®¥ = 9V,/dx,. So,
on a Lagrangean grid, the divergence satisfies the continuity equation

av.  _dv.
Vch(uu) = ;&:'uv =4

Formulas for the divergence and gradient, acting on cell-centered data and located at
vertices, are now constructed to satisfy a discrete form of the divergence theorem

(IL.8)

/¢$9¢w.nds=/nv°(¢w)dv=/QW'V¢+/Q¢V-de. (IL.9)

This property is essential for the projection method described in section 3. For example, to
form the gradient of the pressure, which is stored at cell centers, apply Eq. (IL.9) with ¢ = p
and w = u and let Q be a union of computational cells. An approximation for the last term

in Eq. (I1.9) is already defined,

3 peDe(u)Ve = pc Y cv - u,. (11.10)

ceN ceN} v
At this point, postulate a form for the gradient at a vertex analogous to Fq. (IL7),

VvGu(pc) = zéwpc, (IIll)

for some coefficients &Y. The quantity V, is a control volume centered at a vertex x,,
V, = %Zc V,. The sum is over the cells that have x, as a vertex. Combining Egs. (I1.9)-
(IT.11) gives
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/ pu-ndS= Y u,- ) (& +cV)p.. (IL.12)
0 veQ c

The left-hand side of Eq. (II.12) is a surface integral, so the right-hand side should only
involve vertices on the boundary of 2. Since u and p are arbitrary, for an interior cell ¢ we
need ¢ = —c®. We now have the required formula,

VoGu(pe) = - Zc“pc. (I1.13)

To obtain the formula for the divergence at a vertex, the process is similar. Start with
Eq. (IL.9), but now let w be defined at cell centers, let ¢ be a vertex quantity and let 2 be a
union of vertex-centered control volumes. Use Eq. (I1.7) to define an approximation to the
first term on the right-hand side of Eq. (I1.9), and proceed as above to obtain

VoDy(we) = =) c™ - w.. (11.14)

The discrete version of the Laplacian is defined by combining the divergence and gradient
operators. There are two forms of the Laplacian, one operating on vertex data and one on
cell data,

ViLy(uy) = VuDy(Ge(uy)) = =D e Y upc™/V, (IL.15)

VeLe(pe) = VeDe(Gu(pe)) = — ch ) ZPc’cc’v/Vw (IL.16)
v d

The linear systems of equations that arise from these discretizations of the Laplacian, when
multiplied by a volume, are symmetric and negative definite. On an arbitrary quadrilateral
mesh the discrete Laplacians have a 9-point stencil.

All derivatives are now defined in terms of one set of geometric coefficients, ¢®. The
geometric coefficients are easily computed from the definition of S (Brackbill [18]). For
each cell, we store a value of the vector ¢ for each of the vertices of the cell. To illustrate
these formulas, Table V gives the geometric coefficients for a square lattice in two dimensions.
The discretization reduces to the box scheme for the gradient and divergence operators. The
Laplacian on a square grid has a 5-point stencil; the central point is coupled to the four
corners. Properties of the coefficients are discussed in Brackbill [25].

Some of the computations in section 5 are made in axisymmetric cylindrical coordinates.
We end the section with a description of the discretization used in this case. The vector x
now has components (r,z) and control volumes are solids of revolution formed by rotating
a quadrilateral cell about the z-axis. The quadrilateral cross-section is the image of a unit
square in logical space, under the map defined in Appendix I. The volume of a cell (per
radian) is now

V, = /V av = [ Jr(e, &%, (IL17)
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where J = 9(r, z)/0(£1,&2) and C is the unit square. . .
For a quantity 1, located at vertices of the mesh, finite volume approximations to deriva-
tives are defined as before,

o, -0, [0 _ 9 )y —
Vc(.a—r)c =/, Edv = /Vc B rdrdz = /;c ;%ars (x — xy) rdrdz
= D Pl (I1.18)
and
Oy [ %= 9 sy x —
V,_.(E:-)c = /Vc P rdrdz = /szv:tb,, azS (x — x,) rdrdz
= Ed)vc‘:’, (ng)

In cylindrical coordinates, we also need

VA%)C - [, bdrdz = /V 5 SO~ x)drdz

= Y . (11.20)
The geometric coefficients are

& = /V c %Sm(x —x,) rdrdz, (IL21)

¢ = /V SW(x - x,)drdz, (IL22)

<’ = /;c (—%S(l)(x - X,) rdrdz. (I1.23)

The coefficient cg} results from the variation of the basis vectors with position.
It is notationally convenient to form two vectors from these geometric coefficients,
e’ = (c,0,c) and c§’ = (¢ + ¢57,0,c7”). Since

_1oru O — (2o, %
V.u= +5- and V§=(30,5 (11.24)

discrete divergence and gradient operators at cell centers are written as

V.D(u,) = Y. ¢§-u, (11.25)
V.G.(%) = 3t (IL.26)
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Paralleling the presentation for Cartesian coordinates, the divergence and gradient at a
vertex are designed to satisfy Eq. (IL.9),

- VoDy(we) = =) cf-w, (I1.27)

VoGu(p) = =Y cipe. (1I1.28)

For scalar quantities, discrete versions of the Laplacian are defined by combining the
divergence and gradient operators as before,

Vilo(pe) = VeD(Gu(pe)) = — ch" ' Zd:c;'upd/vv (I1.29)

VoL, (¥,) = ViDy(Ge()) ==Y ¢+ Y 5"y /Ve. (11.30)

The Laplacian of a vector must take into account the spatial variation of the basis vectors.
For a vector defined at the vertices of the mesh, like u,, the Laplacian of the z-component
satisfies Eq. (I1.30). The Laplacian of the r-component of a vector is

i} (1 dru 62u
r Or 622'
To get an appropriate discretization of Eq. (IL.31), observe that by construction, the com-

ponent derivatives of a vertex quantity are given by Egs. (II.18)-(I1.20). Eqs. (I1.27)-(IL.28)
show how to define component derivatives at a vertex from cell-centered data,

(IL31)

v, (,1_ ag;p — )= —cT. (11.32)
6

v

=3 .. (I1.34)

Notice that in addition to the sign change, the roles of c{” and c§’ are reversed; at a vertex
¢ contains the contribution from the spatial variation of the basis vectors. Therefore, a
discretization of Eq. (II.31) is formed as

VoLy(u,) = Ec, Zc2 Uy [ Ve. (I1.35)

All of the quantities needed for Eqs. (10)-(12) are now defined in cylindrical coordinates
except f,. To discretize the force rewrite Eq. (5),
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fint =2V .0Vd +V x oV x d.

(11.36)

The first term on the right-hand side of Eq. (I1.36) is handled in the same way as the

Laplacian of a vector

VAV -oVd), = (-3¢ 0.3 cg dry/Ve, O, ~S 0.y e d.w/Ve),  (IL37)

where (d,,0,d,) are the components of d. The second term requires a definition for the curl.

From
od, Od,. »
define
V(V xd), = Zci" x d,.
Then, since

0 ., 10 .
Vxo(Vxd)= -EE(UV x d)i + -;ar(raV x d)z,
the second term of Eq. (I1.36) is discretized using

ViV xo(Vxd))y=-Y cxa.d c xdy/V..
[ v

This completes the description of the discretization in cylindrical coordinates.
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a/R | a/Az | number of K K | % error
particles | theory | computed
.‘05 2.5 86 1.12 1.17 4.4
10| 50|  358| 1.26 120 22
15 7.5 788 1.45 1.53 5.3
20| 10.0 1414 1.68 1.71 1.8
251 125 2202 1.98 2.02 2.0
30| 15.0 3188 2.37 2.37 -
40| 20.0 5652 3.59 3.49 -2.9
50| 25.0 8846 5.92 5.16 -12.9

Table I: Settling sphere on a 51 x 101 mesh, R = 2., with 9 particles/cell.
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a/Az | mesh size | number of K K | % error
particles | theory | computed

10.0 51x101 1414 1.68 1.71 1.8

50| 26x51 358 | 1.68 173 27

2.5 13x26 90 1.68 1.87 11.4

Table II: Settling sphere, convergence study with a/R =0.2, R = 2. and 9 particles/cell.
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a/R | a/Az | number of | particles K K | % error
particles | per cell | theory | computed

2 5 358 9 1.68 1.73 2.7

2 5 © 158 4 1.68 1.73 2.7

2 5 40 1 1.68 1.60 -4.7

Table III: Variation of settling velocity of a sphere with the number of particles, on a

26 x 51 grid and R = 2.

26




a/L | a/Az | number of | Faxen F/uU | % error | Dvinsky
particles and Popel

10 2.5 90 8.95 9.11 1.8 -
2| 50| 349 1653 | 16.96 2.6 17.47
.30 7.5 797 | 29.27 | 29.03 -0.8 30.22
40 | 10.0 1410 | 54.12 | 48.13 -10.5 53.72

Table IV: Force on a settling cylinder computed on a 26 x 76 mesh with 9 particles/cell.
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v| ¢ ¢’

1| h/2 | -Rh/2
2| n/2 | BJ2
3| =h/2| R/2
4| —-h/2| -h/2

Table V: Geometric coefficients for a square grid in two dimensions. For cell ¢, the

vertices are numbered counterclockwise starting from the lower right. On a square grid,
V.=V, =h2
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Figure legends:

1.

10.

11.

The particles are displaced from equilibrium to excite an elastic vibration. The dis-
placement vectors point from the reference positions to the displaced particle positions.

Particles define the cylinder in Fig.1, and interactions among particles are computed
on a grid. The initial configuration is in (a), and the configuration after 5 periods is
in (b). ‘

The initial elastic forces acting on the compressed cylinder act to restore it to its
original shape.

. The kinetic (solid curve), elastic potential (dashed curve), and total energy (chained

curve) histories reflect the elastic vibration of the cylinder, and the dissipation due to
discretization of the equations.

. In an unstable calculation, At = 0.09, short wavelength distortions of the particles and

the total energy grow in time.
The particle displacements from equilibrium excite an incompressible, elastic vibration.

The total energy (chained curve) for incompressible elastic vibrations decays due to
numerical dissipation. The kinetic energy (solid curve) and potential energy (dashed
curve) oscillate at a slightly lower frequency than in Fig.4.

The particles defining a sphere settling along an axis of symmetry in a cylinder of
height 2. are shown at ¢t = 5. (a) and ¢t = 15. (b). The corresponding streamlines
are superimposed. In (c) contours of the shear modulus o show the smooth interface
between the fluid and solid. The center of mass position, shown in (d), reflects the
decrease in settling velocity due to the ends of the cylinder.

. Elastic objects of various shapes circulate in a driven cavity flow. They are shown in

(a-d) with streamlines superimposed, after 2.5, 5., 7.5, and 10. fluid transit times across
the top boundary. The objects deform in the high shear region near the top boundary
and restore in the low shear flow in the center. The interaction of the immersed objects
with the fluid alters the flow.

The reference configurations in (a-d) corresponding to the sinwlition shown in Fig.9.
The reference configurations translate and rotate at the same mean rate as the sus-
pended solids. The difference between the particle positions and the reference config-
uration is used to compute the elastic restoring force.

A constant force is applied to cylinders, driving them together. The particles and
streamlines are shown at times ¢ =0., 5., 10. and 16. in (a-d). Lubrication forces keep
the cylinders from coming together.
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12. Center of mass trajectories for the cylinders in the simulation shown in F ig.li are
plotted. The decrease in velocity as the cylinders approach is in qualitative agreement
with lubrication theory.
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